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Many modern concrete structures such as elevated guideways are subjected to combined 
bending, torsion, shear and axial loading. Designing such structures, using the limit 
state approach, requires an understanding of the behaviour of structural concrete under 
combined loading and a capability to determine failure interaction curves. In this paper the 
compression field theory, which is based on commonly accepted assumptions that have 
been successfully used to predict flexural and torsional response, is used to predict failure 
interaction curves for reinforced rectangular sections. A computer solution using MATLAB 
with its excellent in-built graphics capabilities enabled the plotting of the failure interaction 
curves that are shown to be in good agreement with test results.

INTRODUCTION 
The complete response of a reinforced con-
crete section subjected to bending can be pre-
dicted accurately using the well-known flex-
ural theory based on accepted rational basic 
assumptions. Similarly, the response under 
St Venant torsion can be predicted rationally 
and accurately using the compression field 
theory (CFT) based on similar assumptions.

 The CFT was first developed for predict-
ing the response of reinforced concrete beams 
subjected to pure torsion by Mitchell (1974) 
for his doctoral thesis at the University of 
Toronto, Canada, under the supervision of 
Professor M P Collins. The theory and the 
research tests were published in the American 
Concrete Journal (Mitchell & Collins 1974). 
W M Onsongo (1978) extended the theory to 
predict the response of concrete beams under 
combined torsion, flexure and axial loading 
for his doctoral thesis. The extended theory 
was published in the Kenya Journal of Science 
and Technology (Onsongo 1980). The research 
test results that were used to validate the 
theory were also reported (Onsongo 1981).

In this paper the flexural theory and the 
CFT are reviewed to highlight salient fea-
tures. This is then followed by the application 
of these theoretical models to predict the fail-
ure interaction diagrams for various combi-
nations of loading involving bending, torsion 
and axial compression. There is a notable 
similarity in approach between the flexural 
theory and CFT. Computer predictions using 
MATLAB are given and accuracy of the pre-
dictions is confirmed by test results. 

POST-CRACKING FLEXURAL RESISTANCE 
Bending will cause cracks approximately 
perpendicular to the longitudinal axis of 

the concrete beam, and the cracks are ini-
tiated at the tension face. After cracking, 
the applied moment is equilibrated by an 
internal couple consisting of a resultant com-
pression force and a resultant tension force 
acting at the section of interest. These result-
ants arise from the compressive and tensile 
stresses induced by the applied moment in 
the concrete and reinforcing steel. To predict 
the response of a reinforced concrete beam 
subjected to bending, it is assumed that: 
(a)  Plane sections before bending remain 

plane after bending
(b)  The stress–stain characteristics of the 

concrete and of the reinforcing steel are 
known

(c)  The tensile strength of the concrete is 
negligible

These well-known basic assumptions are 
used to set up the required equilibrium and 
compatibility equations that can be solved 
iteratively to predict the complete response 
of the reinforced concrete beam under flex-
ure. As the tensile strength of concrete is 
ignored, the internal tension is provided 
entirely by the longitudinal steel reinforce-
ment located below the neutral plane. 

In this paper typical stress–strain rela-
tionships for concrete and steel, as shown 
in figure 1, are assumed. For concrete, the 
stress–strain relationship is assumed to be 
parabolic with peak stress, f ’c, correspond-
ing to the characteristic cylinder strength. 
The compressive strain, εco, corresponding 
to the peak stress is approximately 0,002 for 
normal construction concrete and crushing 
strain, εcu, under flexure may be taken as 
1,5εco. The reinforcing steel is assumed to 
exhibit the simplified elasto-plastic stress-
strain relationship with the yield stress fy as 
the capacity stress. 
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BALANCED REINFORCEMENT 
CONTENT FOR FLEXURE 
Un-reinforced concrete is a brittle material 
which fails suddenly with little warning. On 
the other hand, reinforcing steel has great 
ductility. To ensure ductile failure of a rein-
forced concrete section, the reinforcement 
content must be kept below that required for 
balanced failure. The balanced content, ρb, is 
defined as that resulting in the critical com-
pression fibre reaching the concrete crushing 
strain, εcu, just as the critical tension rein-
forcement reaches its yield strain, εy.

If the reinforcement content in the sec-
tion is below ρb, the primary tension failure 
is accompanied by rapidly increasing beam 
deflection and cracking before the crushing 
of concrete at the capacity flexural moment. 
Visible evidence of impending failure while 
sustaining close to capacity loading is 

 considered a desirable characteristic of a safe 
concrete beam. If the reinforcement con-
tent is equal to or greater that ρb, failure is 
sudden as concrete crushes under capacity 
moment with little warning. It can be shown 
that for a singly reinforced rectangular sec-
tion of width, b, and effective depth, d, the 
balanced steel content is: 

ρb  = As / (bd) = (f ’c/ fy) αβ/ (1+εy/ εcu) (1) 

Where
As = Area of tension steel in the section
fy, εy =  Yield stress and yield strain 

respectively for steel 
εcu =  Crushing strain of concrete 
f ’c, εco =  Peak stress and peak strain for 

standard concrete cylinder test 

αβ = Ωc–Ωc

2 
/3 (2) 

β = (4–Ωc) /(6–2* Ωc) (3) 

Ωc = εcu / εco 

The well-known equivalent rectangular 
stress-block factors α and β defined by equa-
tions 2 and 3 are determined from the para-
bolic stress-strain relationship for concrete 
given in figure 1. For ordinary construction 
concrete Ωc at capacity loading may be 
taken as 1,5 and hence αβ = 0,75. If we take 
Young’s modulus of elasticity for steel Es = 
200 GPa and εco = 0,002 for concrete, we 
can determine values of ρb for various values 
of f ’c and fy as shown in table 1. By limiting 
effective tension reinforcement content below 
the values indicated in table 1, ductile failure 
of a section under flexure is ensured. 

POST-CRACKING TORSION RESISTANCE 
Torsion causes cracks that spiral around the 
concrete beam inclined to the longitudinal 
axis and appearing on all the faces of the 
beam. It is of interest to note that, owing to 
this extensive cracking, the reduction in tor-
sion stiffness at the cracking torque is gener-
ally much greater than the corresponding 
reduction observed for flexural stiffness at 
the cracking moment. 

After cracking, the applied torque is 
resisted by a field of compressive stresses 
spiraling around the beam following the 
direction of the cracks. The resulting 
compressive forces acting at a depth close 
to the beam surfaces and inclined to the 
longitudinal axis induce tensile stresses in 
both the longitudinal and transverse (hoop) 
reinforcing steel. Moreover, the diagonally 
inclined compressive stresses in the concrete 
provide the shear flow around the section 
that equilibrates the applied torque. To pre-
dict the response of a cracked reinforced 
concrete beam section subjected to torsion, 
it is assumed that:
(a)  Plane sections before twisting remain 

plane after twisting
(b)  All strains at a point in a plane are com-

patible and the twist and curvature of 
the beam surfaces are also compatible

(c)  The stress–strain characteristics of the 
concrete and of the reinforcing steel are 
known

(d)  The tensile strength of concrete is 
negligible

Note that except for (b), these assumptions 
are similar to those for flexural theory given 
above. The compatibility requirements 
under (b) have been discussed in details 
by Onsongo (1978). Essentially, it has been 
shown that if at a point in a plane there is 
a strain, εl, in the longitudinal direction, a 
strain, εt, in the transverse direction, and 
a shearing strain, γlt, due to torsion, then 
the principal compressive strain, εd, will be 
inclined at the angle, θ, to the longitudinal 
axis such that:

Table 1 Balanced steel content for flexure (equation 1) 

f’c (MPa) 
fy (MPa) 

200 300 400 500

20 0,0563 0,0333 0,0225 0,0164

30 0,0844 0,0500 0,0338 0,0246

40 0,1126 0,0667 0,0450 0,0327

50 0,1406 0,0833 0,0563 0,0409

(a) Stress–strain relationship
for concrete

(b) Stress–strain relationship
for reinforcing steel

fc
f ’c

fc = f ’c (2Ωc – Ωc
2)

Ωc = εc/ εco

εco

εc
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Figure 1 Material properties

Figure 2 Cracked RC beam under general loading 
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tan2 θ =(εl+ εd) / (εt+ εd) (4) 

and γlt = 2 √ [(εl+ εd) (εt+ εd)] (5) 

If the beam twists and bends under load, its 
faces will not remain plane. For a section 
with unsymmetrical reinforcement under 
torsion or when a combination of torsion, 
bending and axial loading is applied, typical 
beam deformation under these circumstanc-
es is shown in figure 2.

The twist, Ψx, and the curvature, φl, of 
the beam’s longitudinal axis as well as any 
curvature of the transverse axis, φt, will 
induce a curvature, φd, in the direction of 
the principal compressive strain, εd, inclined 
at angle, θ, to the longitudinal axis where: 

φd = φl cos
 
2θ + φt sin2θ + Ψx sin2 θ (6) 

Owing to the curvature, φd, of the concrete 
compression diagonal, the compressive 
strains will vary from a maximum on the 
surface to zero at the effective depth, td. 
This depth is the effective thickness of the 
beam section under torsion. It is much 
smaller than the section dimensions, and 
thus the concrete deeper than td is inef-
fective in resisting torsion much like the 
concrete below the neutral bending plane 
in the tension region is ineffective in resist-
ing flexure. Mitchell (1974) has shown that 
it is reasonable to assume a linear varia-
tion of concrete compression strains over 
the depth so that the curvature φd can be 
determined as: 

φd = εds / td (7)

Where εds is the average principal compres-
sive strain on the diagonal surface

These geometric relationships derived from 
assumption (b) together with the other 
basic assumptions provide sufficient com-
patibility and equilibrium equations that 
can be solved iteratively to predict the com-
plete response of a beam section under St 
Venant torsion. Note that in this theoretical 
model for torsion, it is assumed that after 
cracking, concrete resistance is purely com-
pressive and aligned diagonally spiralling 
around the beam. It is this compression 
field of resistance which characterises the 
compression field theory (CFT). 

Further consideration at failure 
The maximum resistance in tension in the 
transverse (hoop) direction will be reached 
when the hoop reinforcement yields. 
Similarly, the maximum resistance in ten-
sion in the longitudinal direction will be 
reached when the longitudinal steel yields. 
Whether the hoop reinforcement yields first 
and then the longitudinal yields, or whether 
the steel does not yield at all will depend on 
the content of the steel reinforcement in the 
section. The section is considered to reach 
its torsion capacity when the crushing strain 
of concrete is reached for the critical fibre. 
Since torsion stresses all the beam surfaces, 
the longitudinal and transverse reinforce-
ment should be evenly distributed in the 
section for optimum torsion resistance. 
Assuming uniform material properties, the 
surfaces of a symmetrically reinforced sec-
tion under torsion will all reach the crush-
ing strain simultaneously at failure. 

The concrete cover outside the centreline 
of hoop steel has been shown by Mitchell 
(1974) to be largely ineffective in providing 
compressive stresses to resist capacity tor-
sion as the cover tends to spall off. Evidently 
outward thrust of the diagonal compres-
sive stresses that meet at the corners tend 
to push the corners apart and the corner 
longitudinal bars outwards. This tendency 
is resisted by the hoop steel holding in the 
corner longitudinal steel. When the tensile 
stresses induced in the concrete outside the 
hoop centreline exceed the tensile strength 
of concrete the concrete cover spalls off. In 
this paper, it will be conservatively assumed 
that at capacity torsion, the concrete cover 
to the hoop centreline steel will completely 
spall off. The effective perimeter of the sec-
tion is then defined by the hoop centreline. 

BALANCED REINFORCEMENT 
CONTENT FOR TORSION 
Under torsion, balanced failure of a section 
is characterised by both the longitudinal 
and transverse reinforcement reaching their 
respective yield strains in tension just as 
the maximum concrete compressive strain 
reaches the crushing value at capacity load-
ing. For example, consider a rectangular 
section of width b and height h with sym-
metrically distributed longitudinal steel and 
uniformly spaced hoops. Assuming that all 

the longitudinal steel yields at a stress fly 
with a yield strain εly and the hoop steel 
yields at a stress fhy with a yield strain 
εhy (hoop reinforcement is assumed to be 
uniform in all faces), Onsongo (1978) has 
shown that: 
(a)  For hoop steel with centreline width b1 

and centreline height h1 the balanced 
hoop reinforcement content ρhb is: 

 ρhb = th / toh = (f’c/ fhy)αβ/ (1 + εhy / εcu) (8) 

 Where:
 th =  Ah / s 
 toh = Aoh / Poh 
 Ah =  cross-section area of the hoop bar 
 s =  spacing of the hoops assumed 

uniform 
 Aoh =  b1 h1 = area enclosed by centreline 

of hoop steel 
 Poh =  2(b1 + h1) = perimeter of the centre-

line of hoop steel 
(b)  For longitudinal steel assumed symmetri-

cally located in the section, the balanced 
longitudinal reinforcement content ρlb is: 

 ρlb = tl / toh = (f’c / fly) αβ / (1 + εly / εcu) (9) 

 Where:
 tl =  Al / Po 
 Al =  sum of the cross-section areas of all 

longitudinal bars 
 Po =  perimeter of the path of shear flow
  =  ( Poh – 4ao ) for symmetrically rein-

forced section 
 ao =  depth of path of shear flow from 

external surface 
  =  (tlfly + thfhy) / (αf ’c) for balanced 

 failure (10) 

Consider the special case where fly = fhy = fy 
and εly = εhy = εy ; that is, when the proper-
ties for longitudinal steel are identical to 
those of hoop steel, then: 

ρlb  = ρhb = ρb
= (f ’c / fy) 0,5 αβ / (1 + εy / εcu) (11) 

For the purpose of predicting torsional 
capacity, it is reasonable to take the concrete 
crushing strain εcu as equal to εco, This is 
because if both the longitudinal steel and 
hoop steel have yielded, the large principal 
tensile strains and resulting large deforma-
tions tend to ‘soften’ the concrete and there 
is minimal additional resistance to torsion 
for concrete diagonal compressive strains 
greater than εco. If we take εcu = εco, equa-
tion 2 gives αβ = 2/3 and hence equation 11 
gives:

ρb = (f ’c/ fy) (1/3) / (1 + εy / εco) (12) 

Taking εco = 0,002 for ordinary construction 
concrete, and Young’s modulus of elastic-
ity of steel Es = 200 GPa, equation 12 can 
be evaluated for various values of f ’c and fy 
to obtain balanced steel content for both 
the longitudinal and transverse steel for 

Table 2 Balanced steel content for torsion (equation 12)

f’c (MPa)
fy (MPa)

200 300 400 500

20 0,0222 0,0127 0,0083 0,0059

30 0,0333 0,0190 0,0125 0,0089

40 0,0444 0,0254 0,0167 0,0119

50 0,0555 0,0317 0,0208 0,0148
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a  symmetrically reinforced section under 
torsion. The calculated values of the bal-
anced steel content ρb are given in table 2. 
By keeping the reinforcement content below 
these values ductile failure under torsion 
can be ensured. 

FAILURE UNDER BENDING AND 
AXIAL COMPRESSION 
Consider the rectangular section shown in 
figure 3(a) subjected to bending and axial 
compression such that the top surface of 
the section experiences the maximum com-
pressive strain. Figure 3(b) shows a typical 
strain profile at capacity loading. With the 

defined strains the material stresses are 
determined using the stress-strain relation-
ships. The stresses acting on the material 
cross-section areas enable resultant forces to 
be determined. These resultants equilibrate 
the applied capacity axial compression force 
Nu and the accompanying capacity moment 
Mu taken about the plastic centroid PC. 

The procedure outlined in figure 3 
repeated for failure strain profiles chosen 
to cover the entire interaction domain ena-
bles the complete prediction of the failure 
interaction curve. This procedure has been 
applied to the section shown in figure 4. 
Moments causing compression in the top 
face of the section are considered positive 

and those causing tension in the bottom face 
negative. Note that the axial compression is 
assumed to be applied at the section plastic 
centroid and the moments are taken about 
this point. Figure 4 shows the failure inter-
action diagram predicted. In this interaction 
diagram the moments are given as fractions 
of the maximum positive pure flexural 
capacity of the section, Muo, and the axial 
loads as fractions of the pure compression 
capacity of the section, Nuo. 

The interaction diagram shows that low 
levels of axial compression significantly 
enhance the positive moment capacity of 
the section. In this case increase in moment 
capacity is over 50 % of the pure moment 
capacity. This increase is due to the applied 
axial compression reducing the longitudi-
nal tension induced by flexure, which has 
the same effect as increasing the tension 
resisting longitudinal steel content in the 
section. It also brings more concrete in the 
section under compression by shifting the 
neutral axis.

The flexural capacity increases to a 
maximum value at the level of compres-
sion when the extreme tension steel is just 
yielding as concrete crushes. This level of 
compression defines the ‘balanced failure 
point’ (BFP) shown on the interaction curve 
in figure 4. The elegance and validity of this 
well-known ‘plane sections remain plane’ 
theory is demonstrated by the accuracy and 
simplicity of prediction of the failure inter-
action diagram for any section with defined 
geometry and with specified material prop-
erties. The theory is easily extended to pre-
dict the failure interaction diagram for a sec-
tion subjected to combined biaxial bending 
and axial compression (Onsongo 1998). 

FAILURE UNDER TORSION AND 
AXIAL COMPRESSION 
Failure under combined torsion and axial 
compression is not familiar as this load 
combination rarely occurs without some 
flexure. To introduce response under this 
loading, we shall limit the discussion to 
the simple case of symmetrically reinforced 
sections which have uniform longitudinal 
strains under the loading. Unsymmetrical 
reinforced sections develop curvature of the 
longitudinal axis and the response predic-
tion of such sections under torsion and axial 
compression is similar to that for combined 
bending and torsion which will be discussed 
in the next section. 

Consider a symmetrically reinforced 
beam section such as the one shown in fig-
ure 5. Torsion alone will cause cracks spiral-
ling around the beam faces and the resulting 
concrete compression field in the form of 
diagonal struts will induce uniform longi-
tudinal and transverse strains. At capacity 
loading the concrete cover to hoop steel can 
be considered spalled and the capacity tor-
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sion can be determined using the CFT. If 
some axial compression is applied together 
with torsion, and assuming that the beam 
is cracked due to torsion, the tension in the 
longitudinal steel induced by torsion will 
be reduced by the axial compression. Thus 
the axial compression loading will produce 
an effect similar to that of increasing the 
longitudinal steel content resisting torsion. 
This results in increased torsion capacity 
of the section. The capacity increase due to 

this effect will reach a maximum value at 
the level of axial compression that totally 
restrains beam elongation due to torsion, 
that is, results in zero elongation under the 
combined loading. Greater axial compres-
sion will inhibit diagonal cracking due to 
torsion and, as axial compression dominates, 
the failure will be sudden explosive crush-
ing of concrete. The failure interaction curve 
is shown in figure 5. The response curve 
for the case of pure torsion Tuo to the point 

of zero elongation labelled ZEL is predicted 
using CFT. A linear response is assumed 
between the points ZEL and that represent-
ing pure axial compression labelled Nuo. 

To predict the interaction response 
using CFT, it is assumed that the concrete 
compressive strain on the effective surface is 
at the crushing strain taken as equal to εco. 
The longitudinal strains and hoop strains 
are assumed uniform. Note that low levels 
of axial compression enhance torsion capac-
ity of a section just as it does for flexural 
capacity. 

The beam section shown in figure 5 
is from a series of specimens tested by 
Onsongo (1974) at the University of Toronto 
under torsion with varying levels of longi-
tudinal restraint. The section shown had 
hoop steel content ρh = 0,00108 (which was 
much smaller than balanced content ρhb = 
0,0025) and longitudinal steel content ρl = 
0,0070 (also much smaller than balanced 
content ρlb = 0,0126). Under pure torsion, 
both the longitudinal and hoop steel yielded 
as expected. The capacity torsion, which is 
well predicted, is plotted on the interaction 
curve. Under axial compressive restraint, 
the capacity loading observed is also well 
predicted. Unfortunately no test data was 
obtained for the case when the axial com-
pression loading was greater than that 
required to completely restrain elongation 
due to torsion as such loading was beyond 
the capacity of the test rig. 

FAILURE UNDER TORSION AND BENDING 
Consider the beam section shown in figure 
6(a) subjected to torsion and bending. The 
section has more longitudinal reinforcing 
steel in the bottom face than that in the top 
face – a typical reinforcement layout for 
flexure causing sagging. The transverse steel 
reinforcement is uniform over the length 
of the beam and consists of closely spaced 
hoops.

Bending would tend to cause downward 
curvature of the beam inducing maximum 
compression in the top face and maximum 
tension in the bottom face. Torsion on the 
other hand would tend to cause tension in 
all faces and, for this section, the resultant 
lengthening of the beam will not be uni-
form over the section. This is because the 
effective concrete struts in the upper part 
of the beam section experience a relatively 
lighter restraint by the longitudinal steel 
than the corresponding struts in the bottom 
portion of the beam where the much larger 
longitudinal steel bars are located. Thus, 
under torsion, the beam would tend to curve 
upwards. Clearly, it is possible to produce 
uniform elongation for the beam with the 
section shown in figure 6(a) by applying just 
the right amount of bending together with 
torsion. Under such a moment the section 
will resist the maximum torsion. The torsion 
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capacity and the moment applied are easily 
predicted for the case of uniform beam elon-
gation using the CFT. 

In general under combined torsion and 
bending, there will be resultant beam curva-
ture upwards or downwards depending on 
the torsion-bending loading combination. 
A typical longitudinal strain profile for the 
unsymmetrical reinforced section is shown 
in figure 6(b). For this case, concrete cracks 
inclined to the longitudinal axis of the beam 
will appear in all faces; all the longitudi-
nal steel reinforcement will be in tension 
and the profile of longitudinal compressive 
stresses in concrete will be as shown in 
figure 6(c). The resultant compression force 
in the longitudinal direction is determined 
from the concrete stresses acting on the 
effective concrete section (see figure 6(e) – 
wall thickness not to scale) and the resultant 
tension force in the longitudinal direction 
is determined from the steel stresses acting 
on the cross section areas of the longitudi-
nal steel bars. The resultants are shown in 
figure 6(d) and if there is no net force in 

the longitudinal direction, these forces will 
constitute an internal couple to balance the 
applied moment. 

The force in the effective concrete struts 
acting diagonally will induce stresses in the 
hoop steel reinforcement. The concrete and 
hoop steel stresses in the transverse direc-
tion are indicated in figures 6(f) and (g). 
For a specified longitudinal strain profile 
such as the one shown in figure 6(b), the 
failure moment and torque can be predicted 
using CFT assuming that failure loading 
will induce the crushing concrete strain 
in the top face. It is assumed that the con-
crete cover to the centreline of hoop steel 
is spalled and hence the effective section 
dimensions are defined by the centreline 
of hoop steel. For the top face the defined 
longitudinal strain will be compatible with 
top face transverse strain and the principal 
compression strain is taken equal to εco at 
failure. 

The equilibrium and compatibility equa-
tions of the CFT are used to determine the 
shear flow required to equilibrate the applied 

torque, the angle of principal  compression, 
the effective concrete thickness, and the 
hoop strain in the top face. The shear flow is 
taken as constant around the effective tube 
section shown in figure 6(e). With the shear 
flow and the defined longitudinal strain in 
the bottom face, the effective thickness, the 
principal compression strain in the concrete 
and the hoop strain in the bottom face are 
determined. As the defined longitudinal 
strains vary down the height of the sides, it 
is necessary to divide the side into segments 
over which longitudinal strains and the angle 
of principal compression can be considered 
to be constant.

In the MATLAB program used, the side 
face has sets of compatible strains evaluated 
over nine equally spaced points. At each 
of these points the CFT predicts the effec-
tive wall thickness of the section, the hoop 
strain, the principal diagonal strain and the 
angle of principal compression. With the 
condition that the net force in the longitudi-
nal direction is zero, an iterative procedure 
which converges rapidly is used to predict 
the moment and torque at failure. 

Figure 7 shows the failure interaction 
curve using the average dimensions and 
material properties of five over-reinforced 
beam specimens tested in Toronto and 
reported by Onsongo (1978). The material 
properties were as follows: 

 Concrete:
fc’ = 19,8 Mpa
εco = 0,0024
 Steel reinforcement:

Longitudinal steel Hoop steel

Face Reinf
fy 

(MPa)
Es 

(GPa)
Reinf

Top 4Y12 393 201,9
Y12 @
76 mm c/c

Bottom 8Y20 436 194,2 (9 mm cover)

Side 6Y10 401 201,7

The failure loads for the test specimens are 
also plotted in figure 7. The failure interac-
tion curve assumes a maximum concrete 
crushing strain equal to εco and the concrete 
cover is assumed spalled to the hoop steel 
centreline except for the case of pure flex-
ure. These assumptions are conservative and 
test results indicate higher failure loads than 
those predicted. Clearly the CFT predicts 
the failure interaction curve well. 

Figure 8 shows plots of predicted defor-
mations (plotted as solid continuous lines) 
for specimen TBO3 compared to the cor-
responding measured deformations (plotted 
as dotted lines joining test values) as the 
specimen was loaded to failure. For plots 
(a), (b), and (c) blue lines are for bottom face 
strains, red for top face and green for side 
faces. For plot (d) green is for transverse 

■

■

-100 0 100 200 300 400
0

50

100

150

Bending Moment in kN-m

T
or

qu
e

in
kN

-m
T

or
qu

e 
in

 k
N

-m
150

100

50

0
-100 0 100 200 300 400

Bending moment in kN-m

410 mm

508 mm

76 mm

TBO5 TBO4 TBO3

TBO2

TBO1

Figure 7 Torsion-bending failure interaction diagram (over-reinforced beams)
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curvature and red for longitudinal curvature. 
In the early stages of loading the measured 
deformations are significantly less than the 
predicted. This is because the predictions 
are based on a spalled, fully cracked model 
and such conditions are only realised close to 
failure loading. Note that in the deformations 
in the last load stage which preceded failure, 
the measured deformations approached the 
predicted. A comprehensive record of the 
test results for all test specimens have been 
reported by Onsongo (1978). In all cases the 
CFT gave excellent predictions of response. 

Over-reinforced test specimens were cho-
sen to validate the CFT in the Toronto tests. 
Figure 9 shows the failure interaction curve 
predicted for the series of under-reinforced 
specimens tested by Lampert et al (1969). The 
material properties were as follows: 

 Concrete:
fc’ = 27,0 MPa
εco = 0,0018
 Steel reinforcement:

Longitudinal steel Hoop steel

Face Reinf
fy 

(MPa)
Es 

(GPa)
Reinf

Top 3Y12 420 210
Y12 @
110 mm c/c

Bottom 11Y12 420 210
(11 mm 
cover)

Side 2Y12 420 210

Figure 9 shows that the failure loads for the 
test specimens compared well with those 
predicted. All the test specimens were hol-
low except TB4 which was solid but with 

■

■

similar external dimensions as the hollow 
sections. TB4 displayed a similar response 
to that of the hollow specimen TB1 under 
a similar torsion to moment loading ratio. 
This confirms the validity of the CFT which 
predicts the same response for a hollow and 
solid section of the same external dimen-
sions provided that the wall thickness of the 
hollow section is at least equal to the effec-
tive thickness.

FAILURE UNDER TORSION, BENDING 
AND AXIAL COMPRESSION 
Consider the beam section shown in fig-
ure 6(a) described in the section dealing 
with combined torsion and bending. The 
response to pure bending or pure torsion 
was noted in that section. Under combined 
torsion, bending and axial loading, and 
assuming a fully cracked model, the torsion 
will induce equilibrating shear flow, and 
for a general longitudinal strain profile the 
internal tension force resultant in the steel 
Fs will in general not be equal to the com-
pression force resultant Fc (see figure 6d). 
The difference between Fc and Fs will be the 
net force in the longitudinal direction that 
equilibrates the applied compression force. 

We shall assume that the axial compres-
sion force is applied at the plastic centroid 
and that the bending moment is taken at 
about this point. An iterative procedure 
using CFT has been used to predict the 3-
D failure interaction diagram for combined 
torsion bending and axial loading, shown in 
figure 10. The axial compression force has 
been limited to a maximum of 25 % of the 
capacity axial compression load for the sec-
tion, Nuo. Compression loading greater than 
this will inhibit cracking due to torsion and 
bending and thus the CFT which is based 
on a fully cracked and spalled section will 
be invalid. This figure demonstrates the 
power of the CFT. 

CLOSING REMARKS 
The prediction of the failure interaction 
curves presented have been based on spalled 
section dimensions assuming fully devel-
oped diagonal cracks on all faces for loading 
involving torsion. The principal compression 
strain in concrete at failure was taken as εco 
obtained from a standard concrete cylinder 
test. These conservative assumptions resulted 
in conservative estimates of the capacity 
loads with rapid convergence for the iterative 
solution procedures. The predicted response 
trends have been shown to be in excellent 
agreement with test results. Predictions 
based on unspalled section dimensions give 
higher failure loads than indicated by tests. 
Moreover, if compressive strains for concrete 
higher than εco are assumed at failure, con-
vergence of the iterative schemes is much 
slower particularly for under-reinforced sec-

Figure 9 Torsion-bending failure interaction diagram (under-reinforced beams)
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tions. This is considered to be due to the 
large strains, in both the yielded reinforce-
ment in the longitudinal and transverse 
directions for under-reinforced sections.

The theory is capable of predicting fail-
ure interaction curves for a general loading 
involving biaxial bending, torsion and axial 
loading. Note that only St Venant torsion is 
considered. The effect of shear as part of the 
loading combination has been considered by 
Collins and Mitchell (1997) and Onsongo 
(1996). Loading involving shear and torsion 
requires a more realistic stress–strain curve 
for concrete than the simple parabolic rela-
tionship shown in figure 1.
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